Perfect transfer of multiple excitations in quantum networks 
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We present a general formalism to the problem of perfect state-transfer (PST), where the state 
involves multiple excitations of the quantum network. A key feature of our formalism is that it 
allows for inclusion of nontrivial interactions between the excitations. Hence, it is perfectly suited 
to addressing the problem of PST in the context of various types of physical realizations. The 
general formalism is also flexible enough to account for situations where multiple excitations are 
"focused" onto the same site. 

PACS numbers: 03.67.Hk, 03.67.Lx 



I. INTRODUCTION 

The problem of designing a passive network of perma- 
nently coupled sites, which enables a quantum state to 
be perfectly transferred from one site to another, has 
attracted considerable interest over the last years [H- 
[l]. One conceptually simple approach to the so called 
perfect-state-transfer (PST) problem is to look for Hamil- 
tonians (solutions) that lead to a unitary transformation 
that permutes the nodes of the network at a well-defined 
time. It has been shown that this formalism allows one 
to derive infinitely many different PST Hamiltonians Q. 
As with most of the literature on PST, this approach has 
also been formulated within the single excitation sector. 
Typically, the state to be transferred pertains to a sin- 
gle quantum particle (e.g., electron, atom, photon, etc) 
which is fully compatible with the "hardware" of the net- 
work (e.g., quantum dots, optical lattices, superconduct- 
ing qubits, etc). In this case, as far as the PST problem 
is concerned, the particular character of the information 
carrier (boson or fermion) does not play any role, and is 
not reflected in the solutions one may derive. The situ- 
ation, however, becomes substantially different when the 
state to be transferred is encoded on two or more par- 
ticles. In this case, the bosonic or fcrmionic nature of 
the information carriers is expected to reveal itself, and 
together with interparticle interactions, will impose addi- 
tional constraints on the physically acceptable solutions. 

Our purpose in this work is to show how the formalism 
ofi , can be used for engineering quantum networks that 
allow for the perfect transfer of states encoded on many 
particles (e.g. entangled states). As will be shown, direct 
use of the single-excitation formalism developed in Q can 
be physically unrealistic and places strong restrictions on 
the types of transport that one can perform. For this 
reason we will consider a second more general approach, 
which can incorporate the bosonic/fermionic character of 
the information carriers under consideration, as well as 
the interaction between them. Furthermore, the second 
approach allows one to design networks that can perform 
tasks that would be impossible by simply adopting the 
single-excitation formalism of Q. For the sake of sim- 



plicity, the following discussion focuses on two-particle 
states, but our results and conclusions can be general- 
ized to many-particle states. 



II. GENERAL FORMALISM 

The quantum communication scenario under consider- 
ation pertains to a quantum network, consisting of M 
permanently coupled quantum systems, to be referred 
to hereafter as nodes or sites. Typically, the network 
is initially prepared in its ground state |0). At t = 0, 
the information to be communicated is encoded onto the 
quantum state of a number of nodes (source nodes). In 
the context of the PST problem one looks for solutions 
(PST Hamiltonians) that guarantee the transfer of the 
input state from the source to some other (destination) 
sites in a deterministic way. 

Depending on the particular implementation under 
consideration, the input state, may require the doping of 
the source nodes with excess particles that are fully com- 
patible with the hardware of the network. Each particle 
may involve various degrees of freedom besides its po- 
sition on the network (e.g., energy, angular momentum, 
spin, etc), and information is encoded on some of them. 
For instance, in quantum computing schemes based on 
quantum dots, information can be encoded onto the spin 
state of an excess electron. The quantum dot may, in 
principle, contain more electrons. However, as long as 
the quantum dot is in its ground state, the net spin will 
simply correspond to that of the excess electron and the 
entire system behaves as a qubit @ . In the case of atoms 
(or ions), the information can be encoded on their inter- 
nal states. 

In general, therefore, the initial excitations in the net- 
work may involve various degrees of freedom. In the con- 
text of PST problems, one usually assumes that all the 
degrees of freedom (apart from the position of the ex- 
citations on the network) are preserved throughout the 
evolution of the system on the time scales of interest, 
as well as that the ground state remains frozen 0] ■ 
The problem of PST then boils down to the design of 
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Hamiltonians which ensure the faithful (perfect in the 
absence of disorder and dissipation) transfer of all the 
initial excitations, from the source to the destination 
sites. As long as the Hamiltonians of interest preserve 
the total number (N) of excitations in the system, one 
can also focus on the iV-excitation Hilbert subspace Hjv, 
where an orthonormal basis is formed by all the states 
\{ni^a};{n2,a};—;{nM,a}), with Y.j,a^h<y = ^- Here, 
\nj^a) denotes the number of excitations in the state a at 
the jth site, where a accounts for all degrees of freedom 
including the ones used for information encoding, and let 
S denote a set of orthonormal basis states. 

The case of single excitation (i.e., N = 1), has been 
addressed by many authors, and various solutions have 
been obtained In this context, we have also presented 
a rather general approach to the problem of PST, where 
solutions are associated with a permutation which 
permutes all the nodes of the network i.e., : j ^ ^{j) 
Q. The energies and the coupling constants in the 
Hamiltonian J^, are designed such that the correspond- 
ing evolution operator '^(i) = e"*"^*, satisfies 

'^(r) = ^. (1) 

Thus a single excitation that is prepared on the jth site 
at t = 0, will be transferred to the site ^{j) at time 
T. A brief summary of our approach is provided in the 
appendix. 

In the language of second quantization, the initial state 
of the network is of the form 

l*(O)>=/({«U)|0), (2) 

where /{{Oj^}) is a function of creation operators a^^., 
which create excitations in state a at the jth site. The 
action of a PST Hamiltonian can thus be described in 
terms of permuting the creation operators, so that at 
time r we have 

J)|0). (3) 

Given the generality of /{{Oj^}), one may argue here 
that a PST Hamiltonian that has been obtained within 
the single-excitation subspace, can be also applied for the 
transfer of multiple excitations. Unfortunately, such an 
approach, does not take into account possible interac- 
tions between the particles, and is limited thus only to 
the description of non-interacting excitations. Another 
limitation of the single-particle formalism is that it can- 
not describe situations where two or more excitations, 
from different nodes, are transferred onto the same node. 
This is due to the fact that by definition a permutation 
will map each node of the network to a unique node, i.e. 
#(j) = ^(fc), if and only if j = k. 

It is essential therefore to reformulate our approach 
to the problem of PST, so that it is also applicable to 
more general scenarios, where multiple excitations are 




FIG. 1. (Color online) A permutation of block diagonal form. 



involved. Given that the system is restricted to the TV- 
excitation Hilbert space throughout its evolution, its 
total wavefunction at any time, can be expressed in terms 
of the basis states \{ni^a}',{n2,a}\ ■■■',{nM,a})- The key 
idea is that, for the transfer of N excitations the per- 
mutation should be defined with respect to these basis 
states, and not with respect to the sites of the network. 
The rank of a permutation that permutes all the nodes 
is M, whereas the rank of a permutation that permutes 
all the basis states is M^. It is only in the case of single 
excitation that the two descriptions coincide. As soon as 
we have a permutation with respect to the basis states 
|{"'i,cr}; {^2,0-}] {'T-M,cr}), ouc Can vicw the problem of 
PST as if we have a single excitation in a network com- 
posed of sites (each site corresponds to a basis state). 
We can thus use directly the formalism that has been de- 
veloped in (sj, for the design of PST Hamiltonians within 
the single-excitation space (see appendix) . 

For the sake of clarity, from now on we focus only on 
the case of two excitations; this will considerably sim- 
plify our notation. Our main observations and conclu- 
sions will, however, also be valid for the case of > 2. 
The two-excitation Hilbert space H2 is spanned by the 
states {\i^ fi; j,i>)}^ with /x, 1/ £ S, where we have set 
|z,/i;j,i^) := Ij.i/). Let us now assume that the in- 
put state is \ip{0)) = |si, /i; S2, i'), which automatically 
specifies a particular ordering of the states {fi^v}, with 
respect to their position in the network. We can thus de- 
fine three different subspaces of H2 , with respect to this 
initial ordering, that is 

H^^', spanned by {|i,^;j,i/) : i<j}, (4a) 
M^"'', spanned by {|i,^;j,i/) : i^j}, (4b) 
1HI2^\ spanned by : i>j}. (4c) 

When these subspaces are decoupled, the system is re- 
stricted within the subspace that is specified by |'0(O)). 
Hence, the problem of PST is simplified further, as it can 
be solved separately within each subspace. In particular. 
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one can consider permutations of the block-diagonal form 
depicted in Fig. [T] The block ^ is a permutation that 
permutes all the basis states of the corresponding sub- 
space EI2 •* . For networks that are insensitive to different 
degrees of freedom ^ S §, the subspaces EIj^^ and IHl2^'' 
are basically equivalent and thus = Start- 

ing from the eigenvalues of ' , one can work backwards 
along the lines of the appendix, to design Hamiltonians 
that generate this permutation at time r, i.e., they sat- 
isfy Eq. ([1]) with ^ = In the most general sce- 
narios, however, the subspaces are not decoupled and 
cannot be treated separately. In these cases, one may 
also have transfer between states that belong to different 
subspaces, and the PST problem is more involved. 

Using the above methodology, one can design PST 
Hamiltonians in the case of two or more interacting as 
well as non-interacting excitations, which can be either 
bosons or fcrmions. In the following section we will 
demonstrate, using some simple examples, how various 
constraints regarding the nature of the excitations can 
be incorporated in our formalism. 

III. EXAMPLES 

In the case of nonintcracting excitations, the basis 
state \i,fi;j,i>) is characterized by the energy, 

where ej^^ is the energy of an excitation in state a at the 
jth site. In the case of interacting particles, however, one 
has 

^^j 

The additional energy accounts for repulsive 

{U^^/''^ > 0) or attractive {U^^/"^ < 0) interactions, 
whose magnitude may depend on the position of the two 
excitations in the network, as well as other degrees of free- 
dom. When the excitations are associated with fcrmions 
and occupy the same site, the Pauli principle requires 
that n v, i.e., the excitations must pertain to different 
states. For instance, the ground state of a two-electron 
quantum dot in zero magnetic field is the spin singlet 
state, where the two electrons occupy the lowest orbital 
and they have antiparallel spins Q. By contrast, in the 
case of bosons, there are no such restrictions, and both 
excitations can be in the same state, while occupying the 
same site. This is, for instance, the case of the so-called 
dimers, trimers, etc, in optical lattices [9l-[T]|. Besides 
onsite interaction, one may also have inter-site interac- 
tions when the two interacting excitations occupy differ- 
ent sites, but their spatial separation is sufficiently small 
for interactions to occur. Certain implementations offer 
unprecedented controllability on both of these types of 
interactions, allowing thus for various scenarios. 



In the following we consider particular cases, restrict- 
ing ourselves to networks, that are insensitive to different 
degrees of freedom ^ e §. Their evolution is governed by 
time-independent Hamiltonians, that preserve the total 
number of excitations, as well as the initial choice of (/i, v) 
on the time scales of interest, and are of the form 

1,(7 i^k a, a' 

+ X! X] J^Aal„ak,a + h.c), (5) 

i<k a 

where Ui^a = (x\^ai^a- The last term of the Hamiltonian 
describes the hopping of the excitation between various 
sites in the network, with the corresponding set of cou- 
pling constants { J^.fe}, taken to be insensitive to a. Such 
types of Hamiltonians are met in various contexts. 

A. Decoupled subspaces 

In various realistic scenarios, the onsite interaction 
j is much larger (in absolute value) than any other 
energy scale in the system [l^]. In such cases, the energy 
gap between the basis states v)} and v)} 

is of the order of U^j^j'^K Assuming further non- vanishing 
couplings only between nearest neighbors (NN) in Eq. ([S]) 
(i.e., Ji^k 7^ for i = fc ± 1), transitions between states 
J, v)} with i < j and i > j arc only possible via the 
states {|i, A*; J, I')} which are far off-resonant. Hence, if 
the time scale over which PST has to be achieved satisfies 

the subspaces of Eq. (|4]) can be considered, to a good ap- 
proximation, decoupled throughout the evolution of the 
system. Various examples will now be investigated. 

Suppose that the system is initially prepared in the 
state 1^(0)) = |si, S2, J^), for g § and si < S2- 
Given that the system is restricted within the subspace 
Hj'^'' throughout its evolution, the initial ordering of 
{fi, v} will be preserved, whereas the states of the other 
subspaces, are practically forbidden. We will thus fo- 
cus on the subspace Hj^''. The corresponding sub- 
permutation, ^^^^ will be determined by the definition 
of the destination nodes (di, (^2) as well as any additional 
physical restrictions imposed on the system. 

For instance, if one is interested in PST Hamiltonians 
with mirror symmetry, the permutation has to have 

the antidiagonal form 

M 

^^^^ = 51 E I*' ^) ((^ + 1 - j)' A^; {M + i-i),,y\, 

(6) 

where i,j G {1, 2, M}. Working along the lines of the 
appendix, one may find parameters {ei^o-, C^f ^''^ \ </i.fc} 
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such that the Hamiltonian ([5]) satisfies Eq. ([T]), within 
the subspace 112^''. 

In order for the Hamiltonian ([5]) to be compatible with 
the permutation one has to ask for 



[^«),^] =0, 



within the subspace of interest spanned by the states 
z/) I i < j}. This requirement imposes the first 

constraints on the choices of £j ^j, fc. and U^''^!'^ ^ namely, 



H,k 



E, 



J]\I+l~k,M+l- 



E 



M+l~k,M+l-i- 



(8b) 



Additional constraints, depend on the details of the net- 
work one is interested in. In the absence of any intersite 



repulsive (or attractive) interactions (i.e., C/ 



G {1/2 
tains to [1 



V 

.., A/} and i ^ k), one of the solutions per- 



i,k 



and Ji.i+i oc \/ i{M — i), 



(9) 



This is not a new result in the context of two excitations, 
as it has been predicted by one of us in an earlier col- 
laboration and its robustness against various types 
of imperfections has been analyzed in 0, [31 ■ We should 
emphasize, however, that this is only one of the infinitely 
many solutions that one may obtain within the present 
theoretical framework, for the particular choice of 

Relaxing the constraint U^'^''^'' — i ^ k, al- 
lows one to take account of repulsive (attractive) interac- 
tions between excitations e.g., in adjacent sites only (i.e. 



7^ 0, for A: = i ± 1). Let us assume that this inter- 



w. 



action does not change with i, hence we set C/, 
In this case, the derivation of analytic expressions is far 
from trivial, but one can always resort to numerical solu- 
tions. Given the ccntrosymmetry as well as the assump- 
tion of NN couplings, the parameters to be estimated are 
{^i./i, £k,}^i Ji.,2, J2,3, W}. In tablelH we provide a number 
of solutions for the case of a network consisting of M = 5 
sites, with e^^^ = ek,u, Vi, fc € {!,..., M}. A sample of 
the dynamics of the transfer is given in figure [2] 

For all of the solutions in table HI W < Ji^k- When W 
is greater than the coupling constants we cannot obtain 
solutions with NN couplings, unless it is possible for two 
excitations to occupy a single site; something we do not 
allow in this section. The reason for this is that for NN 
couplings the states \m, /x; m + 1, v) and |m -I- 1, /i; m + 
2, v) are not coupled directly, but only by via the state 
\ra + 1, + l^v) . When W > Ji^k transitions such as 
|to, /z; m -I- 1, v) to |m, /x; m -I- 2, v) become off resonant. 

As long as we are interested in networks that are in- 
sensitive to different degrees of freedom, the subspaces 



and 



are equivalent, and the case of si > S2 is 



TABLE I. Parameters for perfect transfer of two excitation 
in a network consisting of Af = 5 sites, with mirror sym- 



metry and NN interactions. Other parameters: £i 



£fe,i/. 



Ji,2 = Ji,5, and J2,3 = J3,4. The results were obtained 
for a Hamiltonian with prescribed eigenvalues ^^^^ /t = tt x 



(7) {±3, ±2, ±1, ±1, 0, 0} (see appendix). 



W 



0.035672 
0.0584814 
0.0651748 
0.0765194 
0.131893 



Ji 



J2, 



3.15891 
3.13976 
3.15557 
3.14260 
3.0849 



3.84084 
3.84777 
3.84182 
3.84542 
3.87000 




covered by the previous one. 



FIG. 2. Plots of the probability of finding an excitation at 
each node as a function of time, for a network of M — 5 
sites. Both plots correspond to the parameters W — 0.035672, 
Ji,2 = 3.15891 and J2,3 = 3.84084. In plot (a) the initial state 
|1, jj,; 2, 1/) is transferred to |4, ji; 5, p), while in (b) the initial 
state |1, jj,; 4, is transferred to |2, /i; 5, v). 



B. Transitions between subspaces 

Our examples up to now were for PST Hamiltonians 
with NN couplings only. There are, however, realistic 
situations where the effects of couplings beyond NN can- 



not be ignored. Formally speaking, the presence of non- 
vanishing couplings beyond NN in Eq. ([5]) , automatically 
enables transitions between different subspaces, and thus 
the permutations one may consider cannot be expressed 
in the block diagonal form of Fig. [TJ 

To demonstrate this fact consider, for instance, the 
transfer of two excitations on a centrosymmetric network 
of M = 5 sites as described by the transformation 



|(6-i),m;(6- j),!^). (10) 

Note here that for i ^ j the system is transferred to the 
Assume that the network has a linear ge- 



subspace Hj^^ 



ometry with spatially dependent interactions of the form 

ri ri +r2 ri + 2r2 

= t; — — — , J2,3 = — , J2,4 = t: — , (11) 



2ri + 2r2' ' r2 ' 2r2 ' 

where ri(2) are the distances between the sites 1(3) 
and 2, while the centrosymmetry fixes the remaining 
couplings in the same manner as in Eqs. As 
before, double occupancy is neglected (a scenario with 
double occupancy will be discussed later on), while we 
allow for non-vanishing intersite interactions between 



neighboring sites only, i.e. 



i±l 



^ and 



^it'"^ = for fc 7^ i + 1 . To make the example more 
interesting, let us suppose that the detunings between 
the single-particle energies are such that, the evolution 
of the system on the time scales of interest is practically 
restricted within the subspacc spanned by the two- 
particle basis states for which i+j is an odd number i.e., 
{|1, a; 2, a'), |1, a; 4, a'), |2, a; 3, a'), |2, a; 5, a'), |3, a; 4, a'), 
with a, a' € {/i, i^}. We are interested in the derivation 
of an effective PST Hamiltonian that acts on this 
subspace and leads to the transformation pUj) at time 
r. To this end, our permutation can be defined with 
respect to the "odd" basis states only, neglecting the 
far off-resonant "even" ones: |1,(t;3,ct') , |1,ct;5,(t'), 
|2,(t;4,ct'), and |3, tr; 5, cr'). The open parameters 
in the Hamiltonian that need to be determined are 
{£i,aT£2,a,£3,cr, J,ri,r2,W}. In table HIl we present a 
solution that has been obtained numerically from the 
permutation 

5 5 

^ = E E A.,,l(6-«),Ai;(6-j),i^)(*,Ai;j,:^|, (12) 

i=l j = l 

where A^.j ~ 1, for i -I- j = 2a -|- 1 with a e N, and 
otherwise. The corresponding time evolution of the 
probability of transfer for two different initial states is 
given in Fig. [31 Clearly, in both cases the probability 
becomes equal to one, and thus transformation (jlOp is 
achieved, at time r, although the intermediate dynamics 
are different. 

From the perspective of quantum control a useful and 
important task would be to perfectly transfer two exci- 
tations that are in different sites onto the same site and 




FIG. 3. Plot of the probability of transfer as a function 
of time, for a centrosymmetric network with M = 5 sites, 
and spatially-dependent couplings of the form (|lip . with 
J = TT. The parameters used are those given in table [IT] 
The solid line shows the probability of finding the system in 
the state |4, u; 5, /i) when it was initially prepared in the state 
|l,/i;2, 1/). The dotted line shows the probability of finding 
the system in the state \3,v,4:,fi} when it was initially pre- 
pared in the state \2,^;3,i'). 



TABLE II. Numerically obtained parameters for a centrosym- 
metric PST Hamiltonian with spatially-dependent couplings 
of the form (lllf) . with J — n. The transfer time is taken to 
be T = 1. 



ei,CT 


7.72530 


W 


1.06485x10"^ 


£2,0- 


-28.0330 


ri 


8.91994x10"^ 


£3,0- 


6.80085 


r2 


9.16677x10"^ 



4,a;5,a')}, 



vice-versa (i.e., i/) O \k, ij,;k,v)), coupling thus 



the subspaces 



4^) 



and 



Ij"''. This would allow one to 
perform simple logical operations within the quantum 
network. For instance, a triple quantum dot can be used 
for the generation of spatially separated spin-entangled 
electrons [lH| • Given that the ground state of two excess 
electrons in a quantum dot is the spin-singlet state, with 
both electrons having the same orbital energy, the key 
issue is to separate spatially the two electrons, by trans- 
ferring them coherently and jointly, to different adjacent 
quantum dots. As has been shown in [l^, this can be 
achieved by operating the network in the Coulomb block- 
ade regime. We will demonstrate here how one can obtain 
within our theoretical framework, the effective Hamilto- 
nian governing the dynamics of the two electrons in the 
Coulomb blockade regime, and in the absence of dissipa- 
tion. 

Following the notation introduced in Sec. II, the basis 
states of interest are z^), with i,j g {1,2,3} and 

the possible spin states & Initially, we have 

two electrons on site 2, with opposite spins i.e., the state 
of the system is |2,t;2,4,) [3. We wih assume NN in- 
teractions, with the corresponding coupling strengths as 
well as the onsite repulsions, sufficiently small, so that 
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only lowest sing le-particle states (with energies £i) are of 
importance |15| . The energy corresponding to the state 
is then E^^j = + £j + Uij, with e^^^ = e^, 

U-j''^^ = Uij To suppress the single-electron trans- 
port in favor of the two-electron transport, one may 
choose £i and Ui,i so that \Ei^i^i — E2.2\ 2> Ji,i+i and 
i?i 3 = E22, where Ji.i+i denotes the coupling strength 
between the states |2,t;2,|) and |i,t;j± More- 

I 



over, to ensure spatial separation of the two electrons, 
one has to satisfy that Ei^i ^ £'2,2- Structures of quan- 
tum dots, as well as other realizations, allow for the ex- 
ternal adjustment of all the relevant parameters, so that 
these conditions are satisfied simultaneously • In 

such case, the off resonant states do not play a significant 
role, and the dynamics of the two electrons are governed 
by an effective Hamiltonian of the form 



^eff = ^22(12, t;2,;>(2,t;2,; I + |i,t;3,;)(i,t;3,; I + |i,;;3,t)(i,;;3,t I) 

+J(2)[|2,t;2,;)(l,t;3,;| + |2,t;2,;)(l,;;3,t| + /j.c.]. 



(13) 



Hence, the state |2,t;2,|) is directly coupled to the 
states {|l,t;3,|), |l,|;3,t)}, via the second-order cou- 
pling strength j'^^. The present PST formalism is ca- 
pable of providing us with such a type of Hamiltonians. 
Given, however, that we wish to couple |2, f; 2, \) to both 
|l,t;3,i) and |l,|;3,t), we start with the unitary 

V = [(|i,t;3,;> + |i,;;3,t)) (2,t;2,; I + /i.c.]/V2, 

rather than a permutation. Using the procedure out- 
lined in the appendix, one obtains a class of Hamil- 
tonians of the form (fT3)) with E22 = ''■^+/(4t) and 
= 7rA_/(2T), where A± = 2x+ ± (2a;_ - 1) and 
x± G N. A Hamiltonian with these parameters will, at 
time t = T, transform the state |2,t;2,^) into the state 
(|1, t; 3,1) -I- |1, 1; 3, t))/'\/2, producing thus a pair of spa- 
tially separated spin-entangled electrons. For any choice 
of the integers x± , we will obtain an effective Hamilto- 
nian that performs the desired state transfer, apart from 
an unimportant global phase. 

The previous scenario can be placed in the context of 
different physical realizations, which instead of fermions 
may involve bosonic excitations prepared in different in- 
ternal states [13. In the case of bosons, however, one 
may also consider the case where the two excitations 
are in the same state fi (e.g., photons with the same 
polarization, or atoms in the same internal state), and 
look for Hamiltonians that perform the transformation 
\l,IJ,]3,fi) — ^ |2,//;2,/i), and vice versa. To describe this 
scenario in our formalism, we take the permutation to be 

V = \l,fi;3,fi){2,n;2,n\ + h.c, 

and using the procedure outlined in the appendix, we 
obtain again a Hamiltonian of the form (jl3p . with £'22 = 
7rA+/(4T) and jt^) = 7rA_/(2T). 

In closing, we would like to point out that in the last 
two examples our formalism was used for the derivation 
of an effective Hamiltonian which acts on a subspace of 
near-resonant states. This effective Hamiltonian is basi- 
cally an approximation of the original Hamiltonian, and 
the state transfer is thus not perfect, but rather occurs 
with high fidelity. How large the fidelity can be made 



I 

depends on to what extent the system remains in the 
particular subspace throughout its evolution on the time 
scale of interest. Ideally, for a network whose components 
allow for arbitrary adjustment of all the related parame- 
ters (such as couplings, detunings, interactions, etc), the 
actual evolution of the system can be brought arbitrarily 
close to the effective one, and thus the fidelity can be 
arbitrarily close to 1 (in the absence of disorder and dis- 
sipation). In this direction, quantum dots @ have been 
shown to offer unprecedented controllability in many re- 
spects, although deviations from the ideal case are to be 
expected. Further discussion on these issues is beyond 
the scope of this work, since it requires a thorough con- 
sideration of the various components of the network. 



IV. CONCLUSIONS 

We have extended the PST formalism of [sj, to states 
that are encoded on multiple excitations within a quan- 
tum network. This allows us to describe situations such 
as transferring a singlet state encoded on two excess elec- 
trons that are in neighboring quantum dots, within in an 
extended array of quantum dots. The starting point of 
the present generalized approach is a permutation (or, in 
general, a unitary transformation) which is defined with 
respect to the many-body basis states, and permutes the 
initial and the target states. Working backwards, one 
can construct infinitely many different PST Hamiltonians 
that generate the particular permutation at a well defined 
time. We have also demonstrated how our formalism can 
be used for the derivation of an effective Hamiltonian. 
Given a particular physical setup, one has first to identify 
the far off-resonant (many-body) states which, as a result 
of various constraints, are scarcely populated throughout 
the evolution of the system. The above mentioned trans- 
formation should be defined within the subspace spanned 
by the remaining states that are near resonant with the 
initially populated one. In this case, the rank of the 
transformation is smaller than , and it is determined 
by the dimension of the subspace spanned by the states 
of interest. Clearly, one cannot make any definite state- 
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ments about the value of the rank or how it scales with 
the number of particles, since they both depend on the 
particular physical realization under consideration, and 
the time scale over which the transfer has to take place 
(determined by the coupling constants between different 
sites). For instance, according to Pauli's principle two 
fcrmions can never occupy the same state, and such states 
can be excluded immediately from our analysis. On the 
other hand, two bosons may be prevented from occupying 
the same site on a certain time scale, when the repulsion 
between them is sufhciently large. There are cases, there- 
fore where certain states can be excluded automatically 
from our analysis due to fundamental physical principles, 
and cases where all of the states are, in principle, allowed 
and which ones can be excluded (as an approximation) 
depends entirely on the details of the network and the 
time scales of interest. 

Although our methodology, can be applied to quantum 
networks with any number of excitations throughout this 
work, for the sake of illustration and simplicity, we have 
focused on two excitations only. We have demonstrated 
how one can take into account constraints pertaining to 
the particular physical realization under consideration, as 
well as the nature of the excitations and the interactions 
among themselves. The examples we have discussed are 
by no means exhaustive, but they do provide the guide- 
lines for imposing physical constraints in our approach. 
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Appendix A: Summary of the method 

Consider the problem of PST in a Hilbert subspace 
spanned by the states {IV'j}}! with < j < L — 1. We 
are interested in Hamiltonians that take the input state 
\ips) to the output state \ipd) at time t. Wc start from a 



permutation that permutes the two states i.e., 

^ = \tljd){i's\ + ^^', (Al) 

where is also a permutation in the basis {iV'j)}- 

In general, ^ can be decomposed into disjoint cycles 
^i, i.e., ^ = Let fi; denote the set of basis 

states permuted by The sets {^li} are disjoint, while 
the dimensions of the support of each cycle , denoted 
by Li, will be the cardinality of the corresponding set fti. 

The spectrum of each cycle is nondegenerate and 
let Iw.-^"'') be the eigenvector corresponding to the eigen- 
value A„, where ^i\vl — Xn\vl "'), with 

|«f")) = ^ ^ A^'-l^), (A2) 

and 

A„ = exp (^i27r-^^ for n e Z^, = {0, 1, . . . , - 1(}A3) 

The elements of the set fi^ are considered to be arranged 
in ascending order, and S 1^^. is the position of the 
element k G Hi. Hence, for the permutation the 
eigenvalue A„ corresponds to r]x„ distinct eigenvectors 
{ju,-'^"'')}, with i running only on the various cycles hav- 
ing A„ in common. 

A class of PST Hamiltonians that satisfy Eq. ([IJ is of 
the form 

A„ a=l 

where e^"'' = — arg(A„) + SttxI^"'' and x € s 

{(x«, . . .",4:-^4?, • . • ,4'^^ • ■ •) I e Z}. For a 
given eigenvalue A„, the r]\^ distinct vectors form 
an orthonormal basis for the corresponding subspace and 
are of the form 

l2/l!^)=E/3i'"Vf"^ (A5) 

i 

with e C and = -^a.a'. 
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